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1. IN~~DU~TI~N 
In the study of nonlinear approximation there has arisen the famous 
problem to characterize Chebyshev sets (i.e., sets for which there is always a 
unique best approximation) by geometrical properties [22]. When the best 
approximation is searched in subsets of smooth and strictly convex Banach 
spaces, then convexity is the dominating property. According to well-known 
results of Efimov and Stechkin [13] and of Vlasov [27] Chebyshev sets in 
these spaces are convex, provided that they are suns. Moreover, this addi- 
tional assumption may be replaced by approximative compactness and it may 
be abandoned in finite-dimensional spaces. References for related problems 
are given in Refs. 12,17 and 25. 
On the other hand, convexity is neither necessary nor sufficient for unique- 
ness of best uniform approximation. This holds even in R2, as is shown by 
the examples in Fig. 1. Therefore, there has been a continuous search for 
those properties of nonlinear families of functions which are most essential. 
As a consequence, several properties and conditions (which are equivalent 
to being a sun or more restrictive) have been introduced by different authors. 
Since it is often difficult to understand the relationship between them, we list 
the properties known to us and verify their relationship before we prove that 
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total regularity dominates the uniqueness problem for uniform approxima- 
tion. The results are very similar to those for smooth and strictly convex 
spaces, provided that convexity is replaced by total regularity. 
2. LIST OF PROPERTIES 
Let Q be a compact set, and let the space of continuous, real valued 
functions C(Q) be endowed with the uniform norm 
llfll = sl$$ If(x (2.1) 
In particular, if Q is a finite set consisting of n points, then C(Q) may be 
identified with [w” topologized according to (2.1). The set of extremal points 
offE C(Q) will be denoted by M[f]: 
Nfl = ix E Q; If( = Ilfllh (2.2) 
Let V be a nonvoid set of functions. When considering the properties we will 
present parameter-free definitions as far as possible. On the other hand, if 
we refer to tangent spaces, then we assume that V may be represented in the 
form 
Y = {F[u] = F(u, x); a E P}, 
where P is an open subset in m-space and F possesses a Frechet derivative 
with respect to a at each point a E P. If a property requires that Q is an 
interval, we write V C C(Z). 
The following properties are listed in Fig. 2. 
(WH) A subspace V C C(Z) with dimension n satisfies the weak Haar 
condition, if each v E V has at most 12 - 1 changes of sign; i.e., there do not 
exist points x1 < X, < *.. < x,+~ such that a(~~) * u(xi+i) < 0, i = 1, 2 ,..., n 
Pd. 
(B) V has the betweenness property, if given a pair a,, , z+ E V there exists 
a mapping [0, l] 3 t -+ vt E V, such that for all x E Q, vt(x) is either a strictly 
monotone continuous function of t or a constant [lo]. We note that families 
with the betweenness property are boundedly connected [c.f. (MM)]. 
(R) V is regular, if given a pair v, v0 E Y and a closed set A C Q with 
inf I v(x) - vO(x)l > 0, 
XEA 
(2.3) 
the element v0 is contained in the closure of the set 
(5 E V; (E(x) - vo(x)) * (v(x) - vo(x)) > 0 for x E A}. (2.4) 
[7.8]. The regularity is called closed sign property in Ref. 9. 
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(Ii) Haar conditionhear base) 
(WH) Weak Haar condition 
(linear case) 
(HM) Boundedly connected, boundedly 
compact, Haar embedded C’ manifold 
(R) Regularity z t (S) S,‘- (M) Moon 
FIG. 2. Relationship of the properties. 
(D) Y satisfies the representation condition, if given a pair a, a,, E V there 
exists a positive function g E C(Q) and a w  in the tangent space at q, such that 
v - 270 = g . w  [18]. 
(AC) V is asymptotically convex, if given a pair u, z.+ E V there exists a 
positive function g E C(Q) and a mapping [0, l] 3 t -+ at E I/ such that 
ll(l - tg) * 210 + tgv - vt II = 40 
as t + 0. Originally, in Ref. 21 instead of (2.5) the relation 
(2.5) 
IU - t * gt) 00 + tw - vt II = 40 (2.6) 
is used, with the mapping t + g, E C(Q) being continuous. But (2.6) implies 
(2.5), if g = g, is inserted. 
(K2) For v0 E V the cone W[u, , V] consists of the elements g E C(Q) 
satisfying the following. For every neighborhood U of g and for every E > 0 
the set &,,<* (q, + qU) intersects V, V is a Kolmogorov set of the second 
kind [8] if q, is a best approximation tof, whenever 
(2.7) 
holds for every h E W[u, , V]. 
(EM) An n-dimensional Cl-manifold V C C(1) is Haar embedded, if the 
tangent space at each point is an n-dimensional Haar subspace. Yis boundedly 
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compact (boundedly connected, respectively) if the intersection of V with 
every open ball is relatively compact (connected, respectively) or it is empty 
[28, 291. 
(LH) V C C(1) satisfies the local Haar condition if the tangent space at 
each element v,, is a Haar subspace. Let d(v,) be its dimension. V satisfies the 
global Haar condition, if for every v E V\(v,} the difference v - v0 has 
at most d(v,) - 1 zeros [21]. 
(T) V C C(1) is an n-parameter family or unisolvent, if given (xi , ui), 
(i = 1, 2,..., n), Xl < x2 < .*- < x, there is a unique v E V, such that 
v(xi) = yi , i = 1, 2 ,..., n [23, 261. 
(V) V C C(1) is solvent of degree m = m(vo) at v, , if given m distinct 
points xi , i = 1, 2 ,..., m and E > 0 there is a 6 = 6(v,, E, x1 *.* x,) > 0 
such that 1 yi - v,,(xI)I < 6 implies the existence of a v E V, satisfying 
V(&> = Yi 9 i = 1, 2 ,..., m, 
as well as [I v - v0 [I < E. If, in addition, the difference v - v0 has at most 
m(vJ - 1 zeros for every v E V\{v,,), then V is varisolvent [24]. V satisfies 
the density condition, if given v,, E V and E > 0 there exists a v E V such that 
0 < v(x) - vO(x) < E (and 0 > v(x) - vO(x) > -E, respectively) [ll]. Note 
that the definition of varisolvency given in Ref. 14 is more restrictive. As was 
pointed out in Ref. 3 varisolvent families may only be defined on sets that 
are homeomorphic to a subset of a circumference. 
(TR) A pair v r , v,, of distinct elements of V is zero-sign compatible if 
given a closed subset 2 of the zeros of v1 - v,, and s E C(Z) taking the values 
+I and -1, there exists a v E V such that sign(v(x) - vO(x)) = s(x) for x E Z 
[9]. If all pairs of distinct elements of a regular set V are zero-sign compatible, 
V is called totally regular. 
(U) V is a uniqueness set, if for each f~ C(Q) there is at most one best 
approximation to f in V. 
(SU) V satisfies a strong uniqueness condition, if given JE C(Q) and a 
best approximation v0 to fin V there is a constant c > 0 such that 
llf - v II 3 llf - 00 II + c II 0 - Do II 
for v E V. 
(S) V is a sun if whenever v. E V is a best approximation to f E C(Q), 
then v. is also a best approximation to v. + h(f - vo) for all h 2 0 [12]. 
00 K(v, , f> = UA,O B(v, + W - vo), h llf - v. II) with KC r) denoting 
the open ball with radius r centered at.F V is a moon if v. E V, f E C(Q) and 
V n K(v, ,f) f m implies that the closure of V n K(v, ,f) contains v. , [l]. 
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3. EXAMPLES 
Before we verify the relationship of the properties shown in Fig. 2 we give 
some examples and note some simple features. 
Observe that apart from (K2), (SU), (U) (M) and (S) the families are 
characterized by intrinsic properties, i.e., the definitions do not refer to the 
approximation of elements. Moreover, the graph may nearly be divided into 
two branches. The left-hand branch is dominated by conditions like convexity 
and the right one by varisolvency. This seems quite natural since the Haar 
subspaces are the only families that are both convex and varisolvent. 
We note that (D), (AC), (K2), (R), (LH), (V) and (2X) are hereditary, i.e., 
whenever the family V has the property, this also holds for every nonvoid 
subfamily V n U provided that U is open in C(Q). 
Now we list some examples. 
(WC) Spline polynomials. Let k be an arbitrary positive integer and 
define the functions (x): = xL if x 3 0, = 0 otherwise. Choose knots 
- 1 < & < e2 < ... < .$,, < 1. The linear subspace spanned by 1, x ... x”, 
(x - [,)t *.. (x - 6,): satisfies the weak Haar condition [16]. 
(C) The set of nondecreasing polynomials of degree d n is convex [20]. 
(B) Let Q be a set with two points. Set 
v = {u E R2, u = (a, a”), 01 E R}. (3.1) 
Obviously, V has the betweenness property. As was pointed out in Ref. 8 
(p. 374) this set is not a Kolmogorov set of the second kind. 
(D) The proper sums of exponentials 
I ~lw+“;aj,tj~~,j= 1,2...n 1 
satisfy the representation property [18, p. 2861. 
(AC) Let V, and V, be convex sets in C(Q). Then the set of rational 
functions V = {v = v,/v,; u2(x) > 0, a1 E V, , a2 E V,) is asymptotically 
convex provided that it is not empty [21, p. 3051. 
(K2) Let P = u,“=, {a E R; 4-k < (II < 2 . 4-k} u (0). Then the set of 
constant functions V = {u; U(X) = 01, (II E P} is a Kolmogorov set of the 
second kind which is not asymptotically convex. 
(HM) Let p E Cl(R) with p’ f 0. If H is a Haar subspace, then V = 
{U(X) = p@(x)); h E H} is a Cl manifold with the additional properties 
[28, p. 3691. 
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(T) The set of functions 
V = {v(x); u(x) = -cx + d or v(x) = ceZ + d, c, d E R, c < 0} 
is a two-parameter family [26]. 
(LH) The y-polynomials 
satisfy the local and global Haar condition provided that thekernel y E C(1x T) 
is extended sign-regular [4]. A well-known example for y-polynomials are the 
exponentials (3.2). 
(V) The y-polynomials are varisolvent if the kernel is only strictly 
sign-regular and the derivatives +(t, x)/at do not exist [4, Theorem 4.11. 
Moreover, if the exponentials are generated by the kernel y(t, x) = exp(t”x) 
and not by exp(tx), then the family (3.3) has the property (V) but not (LH). 
Referring to exponentials again we emphasize that the closure of a varisolvent 
family need not be varisolvent and not even regular. 
(TR) The subset of exponentials with non-negative coefficients 
V = 
I 
f  ajetjx; aj > 0, tj E R 
j=l I 
is not varisolvent but it is totally regular. Since best approximations may be 
characterized by alternants [2] the set is a sun and regular. When v,, has 
exactly k positive aj , 1 < j < n, then v - u0 has at most 2k zeros, whenever 
u E Y and V is solvent of degree 2k at q,. This implies zero-sign compatibility. 
Finally, we note that the set (3.1) is totally regular. Hence, totally regular sets 
are not always Kolmogorov sets of the second kind. 
4. COMPARISON OF PROPERTIES 
In this section we will verify the relationship between the properties, 
leaving only the restricted implications (U) q (S) and (R) 5 (B) to later 
considerations. We will confine ourselves to give a reference as far as possible. 
(H) 3 (WH) * (L) =j (C) 3 (B) Z- (R). Obvious. 
(C) =z- (AC). Set vt = a,, + t(v - u,,) and g = 1. 
(AC) =- (K2). Let u0 satisfy the local Kolmogorov criterion (2.7) and let u 
be a distinct point in V. Choose g and vt according to the definition of 
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asymptotic convexity and set h(x) = g(x)(@) - D&K)). By virtue of (2.5) 
we have 
vt = &J + t(h + k,) (4.1) 
with 11 k, [I = o(t) as t -+ 0. If U is an arbitrary neighborhood of h, then 
h + kt E U holds for sufficiently small t. Hence, h E W(v, , V) and 
$l~lo, (f(x) - vow - Nx) G O* 
From g(x) > 0 it follows that 
Since this inequality holds for each v E V, it follows that v. is a best approxima- 
tion and that (2.7) is a sufficient condition. This result improves the statement 
that convex sets are Kolmogorov sets of the second kind [8, Theorem 31. 
(K2) G= (Kl). Reference 8. 
(L) * (D). Obvious. 
(0) * (AC). Theorem 4 in Ref. 18. 
(H) => (HM). Obvious. 
(HM) > (LH). Haar embedded manifolds satisfy the local Haar condition 
by definition. Assume that the global Haar condition is violated and that the 
difference or - v. has n zeros (ur # vo). Then by standard arguments 
[24, p. 2991 a function v2 is constructed such that v2 - v. has n changes of sign. 
Choose & < t2 < ... < tn+r such that 
and let s E C(I), 11 s 11 = 1 satisfy 
45) = skn(v, - v,>(&>, i-l,2 *** II + 1, 
44 * (v2 - vo)(x) 3 0, x E I. 
Then u. is not a unique best approximation to f = v. + 11 v2 - v. II * s, 
contradicting the assertion that f - v. alternates n + 1 times. 
(HM) * (7). If 12 points (xi , vi), i = 1, 2 ... 12 are given, it follows from 
bounded compactness that the infinum of the function 
is attained at some elements o. in V. Assume that the minimal value is not 
zero. Then a function f~ C(Z) satisfying f(xi) = yi , i = 1, 2 ... n is easily 
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constructed, to which a,, is not a best approximation in V. This is a contra- 
diction. Since V satisfies the global Haar condition, the solution of the inter- 
polation problem is unique. 
(HM) => (SU). Let V, be the best approximation tof. To prove a strong 
uniqueness relation we consider three regions. By virtue of Lemma 9 in 
Ref. 28 there is an r > 0 and a c1 > 0 such that I/ u - v,, 11 < r, u E Vimplies 
Ilf - fJ II 3 Ilf - vo II + Cl /I 0 - 00 Il. 
From uniqueness and bounded compactness we conclude that in the region 
r < II 2, - no II < 3 II+ u. II, u E v, 
Wllf - 0 II> = ~11 > IV - v. Il. 
Hence, there the inequality 
Ilf- u II 3 IV- uo II + cz II u - uo II 
holds with c2 = (1/3)(a - ilf - v. Il)/llf - u. 11. Finally, if 1) u - a0 I/ > 
3 IIf - a0 II is valid, the triangle inequality yields 
IV- 0 II b II v - 00 II - IV- uo II 3 llf- 00 II + (l/3) II u - uo II. 
This proves strong uniqueness. 
(LH) + (V). By virtue of the implicit function theorem the local Haar 
condition implies solvency of degree d(u,). Combining this with the global 
Haar condition yields varisolvency. Since u E V is not a best approximation 
to f = u + (42) . 1 and .f = u - (c/2) . 1, respectively, we obtain the 
density condition. 
(LH) 3 (K2). Theorem 7 in Ref. 8. 
(LH) D (0) provided that the elements of I/ and of the tangent spaces 
are analytic functions and that zeros may be counted with their multiplicities: 
Theorem 7 in Ref. 8. 
(LH) * (SU) holds with the following restriction. If V satisfies the local 
and global Haar condition, and if f has a best approximation o. such that 
d(v,) is maximal in V, then a0 satisfies a strong uniqueness condition. The 
proof proceeds similarly to that of (HM) * (SU). 
(T) G- (V). By definition unisolvency implies varisolvency. The density 
property follows from the fact that the degree of solvency is constant [5]. 
(V) =E- (TR). Since the best approximation may be characterized by 
alternants, it follows that the sets with property (V) are suns and regular. 
The zero-sign compatibility is a consequence of the fact that the degree of 
solvency is greater than the number of zeros. 
640111/3-s 
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(7X) => (R). By definition. 
(SU) G- (U). Obvious. 
(7X) => (U) and (U) => (TR) provided Y is a sun. [9, Theorem 51. 
(R) o (S) G- (M). This is a consequence of a more general result. 
THEOREM 4.1. For every nonvoid set V C C(Q) the following are equivalent. 
(a) V is regular. 
(b) V is a Kolmogorov set of the first kind, i.e., ifvO E V is a best approxima- 
tion to f in V, then for every v E V 
(c) Visasun. 
(d) V is a moon. 
(e) Every local best approximation in V is a best approximation. 
(f) If v,, is a best approximation to f in V, then for every v E V the element 
vO is also a best approximation to f in the convex hull of v and v,, (which may be 
interpreted as the straight line between vO and v). 
The equivalences (a) o (b) o (c) and (c) o (f) were proved in Refs. 8 
and 6, respectively. Moreover (c) o (d) is a consequence of Corollary 2.9 and 
Corollary 4.2 in Ref. 1. Finally, by virtue of Theorems 3 and 4 in Ref. 9 we 
have (e) o (a). 
5. CHARACTERIZATION OF CHEBYSHEV SETS 
By collecting properties after some redefinitions we established for the 
uniform approximation that a sun is a uniqueness set if and only if it is 
totally regular. Hence, we have a characterization by an intrinsic property 
under an additional assumption which is less restrictive than the assumptions 
in Refs. 7 and 19. (Referring to the approximation by positive sums of 
exponentials [the example to (TR) in Section 31 it seems plausible that a 
general uniqueness criterion will not only incorporate numbers of zeros). 
Furthermore, observe that the uniqueness theorem in Ref. 15 does not use 
only intrinsic properties. 
Now the situation is very similar to the approximation in smooth and 
uniformly convex spaces, where suns are uniqueness sets if and only if they 
are convex [13,27]. In those spaces Chebyshev sets are known to be suns 
provided that they are approximatively compact [25]. We will establish an 
analogous result for the uniform norm. 
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THEOREM 5.1. Let V C C(Q) be a Chebyshev set. Assume that one of the 
following conditions hold. 
(a) V is approximately compact. 
(b) The operator rr,: C(Q) + V which sendsf E C(Q) to its best approxima- 
tion, is continuous. 
(c) dim C(Q) < co. 
Then V is a sun. 
Proof. Suppose that V is not regular. Then there is a pair v, z+, E V, a 
closed nonvoid set A C Q satisfying (2.3) and a real number X > 0, such that 
{fi E V; I/ 5 - v. [I < A, (v”(x) - vo(x))(v(x) - vo(x)) > 0 for x E A} = $. 
(5.1) 
By virtue of Uryson’s extension theorem there is a function IJ E C(Q) 
if XEA, 
#(x) = 
1 
ii: if v(x) = vO(x), 
O<#<l, otherwise. 
Then p(x) = $(x) * sign[v(x) - v,,(x)] defines a continuous function. For 
a >, 0, let 
fa=uo+~‘p). 
Since A is nonvoid, it follows that I/ v 11 = 1 and 
llh - 00 II = a. (5.2) 
From (5.1) we conclude that u. = n,(fJ, 0 < cy < h/2. On the other hand 
we have with p = I] v - voIj, 
IM4 - 4x)l = I vow + /%4x> - VW 
= 1 I 44 - vo(x)l - Pfw~. (5.3) 
Since the right side of (5.3) is bounded by the difference of two non-negative 
terms not exceeding /3, it follows that 
llh - u II G P = llh - uo II. (5.4) 
Uniqueness implies v. f n,(h). Set 
y = sup{ol E R; Tv(fa) = Q}. (5.5) 
As is well known, the set on the right-hand side. of (5.5) is connected and 
closed. This yields v,, = nv(fy). From (5.4) we know that y < /3 holds. By 
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standard arguments the sequence O, = rrV(fY+l,P), p = 1, 2, 3,... is a minimal 
sequence forf, . By virtue of U, # a0 and (5.1) we obtain 
II v, - 00 II 2 A. (5.6) 
If V is approximately compact, a subsequence of {v,} converges to a best 
approximation v* off, , satisfying 11 D* - u. I/ 3 A. This contradicts unique- 
ness. 
If nV is continuous, then (5.6) establishes a contradiction. 
Every Chebyshev set is closed. It is approximately compact in spaces of 
finite dimension. Hence, the proof for (c) reduces to (a). m 
Since approximately compact sets are existence sets, we have the following: 
COROLLARY 5.2. An approximatively compact set in C(Q) is a Chebyshev 
set, if and only ~fit is totally regular. 
In the finite-dimensional case even fewer assumptions are necessary. 
COROLLARY 5.3. Let Q be a finite set. A nonvoid set V C C(Q) is a 
Chebyshev set, zfand only zfit is closed and totally regular. 
6. REGULAR SETS IN [w" 
In this section we will prove that closed, regular sets have a property which 
almost coincides with the betweenness property, provided that Q is finite and 
consists of n points. To be more precise, we will prove the following. 
THEOREM 6.1. Let V be a regular, closed set in R”. Then given u, w E V, 
there exists a continuous arc vt , 0 < t < 1 from u to w in V such that all 
coordinates vtm are monotone functions of t. The functions vtm are strictly 
monotone, provided that 
u” # Wk, k = 1, 2 ... n. (6.1) 
For convenience, we assume uk < wk, k = 1,2 ... n. We use the notation 
[u, w] = {VE R”; uk < vk < w”} 
and denote the interior of this set by int[u, w]. The proof of the theorem is 
prepared by a lemma. 
LEMMA 6.2. Let V be a regular, closed set in BP. Let 1 < m < n. Assume 
thatu,wEVandu”<or<w”. 
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(i) There is a i7 E V n [u, w] satisfying iYm = a. 
(ii) There is a 6 E V n int[u, w] satisfying 3” = (11 provided that the strict 
inequalities (6.1) hold. 
Proof of Lemma 6.2. Given E > 0, consider the set 
{~~V;‘;~-~<v”~~~+~,k=1,2~~~n,v”~a}. 
Since V is closed, this set is compact and the function v(v) = urn attains its 
maximum in this set at a point called v, . We have vEm = 01, since v,~ < 01 
leads to a contradiction to regularity when applied to the pair v, , w. Since E 
is arbitrary, the proof of(i) is completed by compactness arguments. 
If (6.1) holds and V is regular we may chose C, z? E V such that 
Uk < 27” < zzk < Wk 3 k = 1, 2 “*n, 
2” < 01 < w. 
By applying (i) to the pair ii, 5 we obtain (ii). 1 
Proof of Theorem 6.1. Starting with B,, = {u, w}, we construct sets B, 
with 2v + 1 elements, v = 1, 2, 3... satisfying 
B, C Bl C a-. C B, C B,,, C .a. C Vn [u, w]. (6.2) 
Moreover, the elements of each B, can be ordered such that with increasing 
index all coordinates are nondecreasing [strictly increasing, respectively, 
provided that (6.1) holds]. 
Assume that B, has been constructed. Let B, = {v,; p = 0, 1 ... 2”), where 
the elements are ordered as stated above. Now we choose an integer m, 
1 < m < n, satisfying 
m - 1 = v(mod n). (6.3) 
By applying Lemma 6.2 to the pairs v,-~ , v, , p = 1,2 *a* 2y we obtain 2” 
points 5, E V with 
fi,” = wwz + VP”) 
and 
Vtl < tiok < Vok, (v:-~ < ijDk < up’, respectively), k = 1, 2 *.. IZ (6.4) 
By adding these 2’ points to B,, , the set B,,, is defined. Obviously, B,,, has 
the properties stated above. Observe that by virtue of (6.3) the distance 
between successive points is reduced to less than a half, whenever II steps are 
performed. Hence, the distance between successive points in B,., is not 
greater than 
2-a 11 w - 24 11. (6.5) 
640/11/3-6 
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Set & = uyml & . We use the notation B for the closure of &, in Iw”. The 
mapping 
9: B + [0, I] 
I = Ix;==, (v” - u”) 
c;=, (w” - u”) 
is continuous. By (6.5) we conclude that q(B) is dense in [0, 11. Since B and 
v(B) are compact, it follows that y(B) = [0, 11. To prove that q is injective, 
let V, , ug E B and U, f Q. For convenience we assume that urrn < vznz for 
some m < IZ. By the definition of B and (6.5) there exist points Gr , d, E B 
satisfying 
The construction assures 
6,’ < Gzk (vlk < rZk, respectively), k = I,2 -0. n. 
Since a1 and a2 are cluster points of elements of B n [u, a,] and B n [+& , w] 
we have 
vlk < vzk (alk < vZK, respectively), k = 1, 2 ... n, 
and v(s) < v(v&. Since v is a bijective mapping of a compact set, v--l is 
continuous. Moreover, the preceding discussion establishes the monotonicity 
of the coordinates. 1 
From Theorem 6.1 we know that every regular and closed set in KP is 
connected. Even the intersection with every closed ball is connected. As a 
consequence we have 
COROLLARY 6.3. Let V C R” be a regular existence set. Then for every 
f E W the set of the best approximations in V is connected. 
As is shown in Fig. 3, Theorem 6.1 yields a geometrical structure that is 
comparable with convexity. If u, w  E V C R2, convexity requires that the 
straight line between u and w  is contained in V, whereas regularity requires 
FIG. 3. Convexity and regularity. 
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only the existence of an arc from u to w  in V, which proceeds within the 
rectangle [u, w]. 
The difference between regularity and total regularity becomes apparent 
when a pair u, w  E V C W is considered whose second coordinates coincide 
(Fig. 4). If V is totally regular, then in every neighborhood of the straight 
line [u, w] there is an arc from u to w  above the line and an arc below it. 
On the other hand, regularity only implies that the straight line belongs to V. 
FIG. 4. Total regularity. 
Note Added in Proof: Recently Dunham [31] has given an example of a Chebyshev 
set which is not a sun. If  we would drop the word “continuous” in the definition of the 
betweenness property, then the set of the example would have that property. This fact also 
illustrates that continuity is essential for the proof of the implication (B) + (R). 
As was pointed out by Brosowski and Deutsch [30], the hypothesis in Theorem 5.1 may 
be relaxed. 
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